INTRODUCTION
As a beam of charged particles circula.tes in an accelerator. it m.ay pass through one or.:rnore radio-frequency cavities. At lea.t one of the cavities is usually driven externally and prOVides the accelerating electric field that bunches the beam azimuthally. We shall show in the following treatment of the interaction of a charged-particle beam with an externally driven rf cavity that the particles induce a periodic voltage on the cavity. which from consideration of Lenz'!l law always opposes the particle motion. The particles lose energy to the induced field and must therefore shift in phase relative to the applied voltage, in order to gain more energy per turn. In this manner. particles that are phasestable adjust their net energy gain to remain in step with the applied radiofrequency.
·This work was done under the auspices of the U. S. Atomic Energy Commission.
It is based in part on the thesis submitted by one author (V. K. N. ) to the University of California in partial fulfilment of the requirements for the Ph. D. degree in physics.
t Permanent address: Ohio State University, Columbus. Ohio.
UCRL-9326
The phase shift of the distribution reduces the stable phase area just as if the modulation rate were correspondingly increased.
This effect has been treated by different authors. I, 2 Although small in exi8ting machines, it will become a problem in accelerators with circulating currents of several amperes. The action of a beam passing repeatedly through the rf cavity is not unlike the action of bunched electrons in a klystron. A periodic voltage is induced acros s the gap, and we shall see in the following treatment that this voltage can be large. The effect is enhanced because Fourier coefficients of the particle distribution are large for the resonance harmonic.
If the cavity in question is the accelerating device, or if it is merely maintaining the beam (no modulation), beam and cavity are precisely in resonance.
Transverse particle motion is neglected. We simultaneously solve
Maxwell' 8 equations and the Vlasov equation, thus obtaining a self-consistent distribution of particles in synchrotron phase space. In Section II we develop expressions for the induced voltage and effective electric field as functions of the Fourier components of the particle distribution in azimuth. These expressions are then eITlployed in the Hamiltonian for synchrotron motion (Section IlIA), and in Section IIIB we solve the Vlasov equation for the particle distribution. The
Hamiltonian formalism is that of Symon and Sessler, 3 and the notation closely follows that of Nielsen and Sessler. 4 In Section IV we present a solution that is valid when there ill no modulation of the rf, and when longitudinal space-charge effects are neglected.
The problem specified by the complete Hamiltonian is treated in Section V.
Certain integrations that cannot be performed analytically are encountered, and results are given in graphical form. A simple expression is derived for the UCRL-9326 ratio of applied to total voltagc. which is a function of the operating parameters of the machine. The only parameter of the rf ca.vity entering into the results is the shunt or input impedance. which may be determined experimentally.
Numerical examples are given ill Section ve, and Section VD is devoted to the problem of maximizing phas c flux.
The paper is suxnmarized in Section VI in a way that should allow the use of the results without a careful study of the body of the paper.
An rf cavity will have an effect on a beam of particles even if it is not externally driven. The influence of such a cavity on the stability of a coasting particle beam will be considered in the third paper of this series. The rf cavity is taken to be located with the center of the gap at e =O. We shall uee cylindrical coordinates (r, e, z) exclusively in this paper. The gap hal a width d which may be expressed in terms of the half angle of the gap e 1 :z; d/ZR, where R is the radius of the accelerator. We assume that the electric field E is (to good approximation) constant in rand z, over the region of the gap in which particles move.
We take the beam current density circulating at a radius R a8 where w o is the average angular frequency of the bunch. The assumption that the beam has negligible cro.a-sectional area is merely convenient. Becauee of the assumed uniformity of E. a current with a amaH spread in rand z would (2.1) lead to the same results as the current given byEq. (2.1). Expanding N ( e -wot) in a Fourier series gives
The coefficients a and b are not time-dependent and may be evaluated at n n t =0 giving: In this way, the abrupt 108s or gain of energy by a particle as it crosses the cavity gap 18 replaced by a continuous change as the particle travels around the machine. We define the phase of the voltage wave such that a particle at phase 4J gains energy at the rate eV sin 4> per turn. Clearly, from. this definition, the angle <p is the phase of the particle relative to the phase of V. If the frequency of the cavity f is constant, a particle at 9 = 3trj2 is riding the trough of the c wave, while a particle at ep =n/2 is riding the crest of the wave. For constant f we shall call the particle at <p = TT the synchronous particle. Particles at c other phase angle 4> will be oscillating back and forth in the trough about the value <l > =TT. Modulation of the cavity frequency displaces the lBynchronous particle to a position "s such that it gains energy at the rate eV sin CPs per turn. 
where C is a constant. For the present. we shall discuss the problem below (4.1)
traneition energy, where df/dE is positive. A slight modification of the treatment 1s necessary for negative df/d£. which will be considered subsequently.
We define the new quantities where 2
2.~(f~)
Since the impedance of the cavity may be determined experimentally, we 
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The definitions introduced by Eqe. UGRL-932.6
The distribution extends from u = 0 to u = 2.11'. It has been shifted by an angle We now turn our attention to the complete Hamiltonian of Eq. (3.-4).
Although we could proceed analytically in Section IV, we must resort to numerical computationa in the general case. A limitation on the validity of the treatment arises from the fact that, when longitudinal space-charge effects are included, the theory is valid only below the transition energy; this failure is discussed in detail in Ref. 4 . When the space-charge term is neglected (as in certain special cases below), the theory is a180 valid for df/dE negative.
Although space-charge effects constitute a problem separate from the cavity interaction, they are included in order to present a complete theory. Evidently the phase shift TJ may be defined as in the previous section by Eq. (4.6).
• In terms of 11 and n as defined by Eq. (4.8), the Hamiltonian takes the form
with u again equal to (<I> + TJ).
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We see that n represents the ratio of the total peak voltage on the cavity to the peak voltage, V, in the absence of the beaIn. We might then choose a desired value for the total voltagl! and stable-phase angle from which r and A can be calculated. Then from Eq. (5.l2a), together with the graphs of Ie and Is' we may determ.ine the necessary applied voltage. A criterion for selecting the stable phase angle will be given shortly. 00 r-----.....,-------,r-------r-----,---- " also approaches zero in this limit.
In Fig. 6 we have plotted 0 and than" for ,;, :: 0.3 eVo Notice that the 8 abscissa in Fig. 6 is /n D. which is proportional to V-l/Z~afher than Vi-1/~andthsis a functic t only of the operating parameters. The method involved in obtaining these curves is quite tedious. and they are presented only as an illustration. Equ~ti(m (5.12) is more easily used {or numerical computation. We see that the limiting value of V t is 0.3 V:::: *,/e. Since the phase shift 11 goes to zero in the limit of infinite D, we have Us :::: Ijls in this limit.
All the parameters in D. with the possible exception of C!. are well-known.
na : : : :
The density in W -() space at injection may be found from.
N. f. If we make the assumption (borne out by the result) that
We use Nt =2)(10 Our second example is the Cambridge electron accelerator. 6, 7 The numerical results in thie example will be approximate, because Liouville ' 8 theorem does not hold when the particles lose energy by radiation. The density of particles in phase space is therefore not a constant in time. We have further assumed that the pha:se-space density is uniform within a bounding curve W b (4)), which is not true during the accelerating cycle of this machine. Even in this situation. the principles underlying our theoretical calculation remain valid.
The theory should yield results that are accurate to within 500/0 if we correctly approximate (J. We USe the technique of the previous example and determine the phase density from Eq. (5.15). Determining (] in this manner replaces the actual particle distribution with a region of phase-space of uniform density, and adjusts the density of particles in this region so all to give the correct total number of particles.
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There are 16 rf cavities operating on the 360th harmonic of the particle circulation frequency. 
The factor g is always of the order of unity. For a typical proton machine, with
of the or er 0 50 kv an n =10, we lnd that (J m~10 Mev sec . This is a density slightly greater than the capability of most injectors currently in use. 
